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Abstract
Our purpose is to introduce a two-parametric (p,q)-analogue of the Stancu-Beta
operators. We study approximating properties of these operators using the Korovkin
approximation theorem and also study a direct theorem. We also obtain the
Voronovskaya-type estimate for these operators. Furthermore, we study the weighted
approximation results and pointwise estimates for these operators.
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1 Introduction
The q-calculus has attracted attention of many researchers because of its applications in
various ﬁelds such as numerical analysis, computer-aided geometric design, diﬀerential
equations, and so on. In the ﬁeld of approximation theory, the application of q-calculus
has been the area of many recent researches.
Lupaş [] presented the ﬁrst q-analogue of the classical Bernstein operators in .
He studied the approximation and shape-preserving properties of these operators. An-
other q-companion of the classical Bernstein polynomials is due to Phillips []. Inspired
by this, several authors produced generalizations of well-known positive linear opera-
tors based on q-integers and studied them extensively. For instance, the approximation
properties of the Kantorovich-type q-Bernstein operators [], q-BBH operators [], q-
analogue of generalized Bernstein-Schurer operators [], weighted statistical approxima-
tion by Kantorovich-type q-Szász-Mirakjan operators [], q-Szász-Durrmeyer operators
[], operators constructed by means of q-Lagrange polynomials and A-statistical approx-
imation [], statistical approximation properties of modiﬁed q-Stancu-Beta operators [],
and q-Bernstein-Schurer-Kantorovich operators [].
The q-calculus has led to the discovery of the (p,q)-calculus. Recently, Mursaleen et al.
have used the (p,q)-calculus in approximation theory. They have applied it to construct a
(p,q)-analogue of the classical Bernstein operators [], a (p,q)-analogue of the Bernstein-
Stancu operators [], and a (p,q)-analogue of the Bernstein-Schurer operators [] and
have studied their approximation properties.Most recently, (p,q)-analogues of some other
operators have been studied in [–], and [].
We now give some basic notions of the (p,q)-calculus.
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The (p,q)-integer is deﬁned by
[n]p,q =
pn – qn
p – q , n = , , , . . . ,  < q < p≤ .
The (p,q)-companion of the binomial expansion is












(x + y)np,q = (x + y)(px + qy)
(
px + qy
) · · · (pn–x + qn–y).





= [n]p,q![k]p,q![n – k]p,q!
.
The (p,q)-analogues of deﬁnite integrals of a function f are deﬁned by
∫ a










































( + x)m+n dp,qx, (.)









For p = , all the concepts of the (p,q)-calculus reduce to those of q-calculus. The details
on (p,q)-calculus can be found in [–].
Stancu [] introduced the beta operators to approximate the Lebesgue-integrable func-







( + t)nx+n+ f (t)dt.
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Let  < q < p < . Mursaleen et al. [] constructed the (p,q)-Stancu-Beta operators as
follows:
Lp,qn (f ,x) =











They investigated the approximating properties and estimated the rate of convergence of
these operators.Motivated by thiswork,we introduce the following sequence of operators:
Sα,βn,p,q(f ;x) =












where  ≤ α ≤ β . We call them two-parametric (p,q)-Stancu-Beta operators. For α =  =
β , the operators (.) coincide with the operators (.). So the latter is a generalization of
the former.
2 Main results
We shall investigate approximation results for the operators (.). We calculate the mo-
ments of the operators Sα,βn,p,q(f ;x) in the following lemma.
Lemma . Let Sα,βn,p,q(f ;x) be given by (.). Then we have the following equalities:
(i) Sα,βn,p,q(;x) = ,






 + [n]p,q([n]p,q+β) (
[n]p,q
pq([n]p,q–) + α)x +
α
([n]p,q+β) .
Proof Using (.), (i) is immediate. Further,
Sα,βn,p,q(t;x) =











= [n]p,q([n]p,q + β)
p[n]p,qxq[n]p,qx






+ α([n]p,q + β)












= [n]p,q([n]p,q + β)
x + α([n]p,q + β)
,
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x + pq([n]p,q – )
x
)






pq([n]p,q – )([n]p,q + β)











Hence, the lemma is proved. 
We readily obtain the following lemma.
Lemma . Let p,q ∈ (, ). Then, for x ∈ [,∞), we have:
(i) Sα,βn,p,q((t – x);x) = α–βx([n]p,q+β) ,
(ii) Sα,βn,p,q((t – x);x)≤ ( [n]p,qpq([n]p,q–) –
([n]p,q–β)
([n]p,q+β) )x










= Sα,βn,p,q(t;x) – xSα,βn,p,q(;x)
= [n]p,q([n]p,q + β)







x + α([n]p,q + β)
= –β([n]p,q + β)
x + α([n]p,q + β)
= α – βx([n]p,q + β)
,
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+ xSα,βn,p,q(;x) – xSα,βn,p,q(t;x)
=
[n]p,q
pq([n]p,q – )([n]p,q + β)

















pq([n]p,q – )([n]p,q + β)
– [n]p,q([n]p,q + β) + 
x +
[n]p,q
pq([n]p,q – )([n]p,q + β)
+ α[n]p,q([n]p,q + β)







– ([n]p,q – β)([n]p,q + β)
)





{(p – q)[n]p,q + ([n]p,q + pq[n]p,q – pq)β + (β + pq)[n]p,q}x + ([n]p,q + β))x + pq([n]p,q – )α
pq([n]p,q – )([n]p,q + β)
=
{(pn – qn)[n]p,q + ([n]p,q + pq[n]p,q – pq)β + (β + pq)[n]p,q}x + ([n]p,q + β))x + pq([n]p,q – )α
pq([n]p,q – )([n]p,q + β)
≤ (β
 + β + )x + x + α
pq([n]p,q – )
≤ (β + )
x + x + α
pq([n]p,q – )
which gives (ii). Hence, the lemma is proved. 
Next, we present a direct theorem for the operators Sα,βn,p,q(f ;x).
We denote By CB[,∞), the space of all real-valued continuous bounded functions f on
the interval [,∞) endowed with the norm




Let δ >  andW  = {h : h′,h′′ ∈ C(I), I = [,∞)}, then the Peetre K-functional is deﬁned by
K(f , δ) = inf
h∈W
{‖f – h‖ + δ∥∥h′′∥∥}.









∣∣f (x + p) – f (x + p) + f (x)
∣∣.
By DeVore-Lorentz theorem (see [], p., Theorem .) there exists a constant C > 
such that
K(f , δ)≤ Cω(f ,
√
δ). (.)
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Also, by ω(f , δ) we denote the ﬁrst-order modulus of continuity of f ∈ C(I) deﬁned as




∣∣f (x + p) – f (x)
∣∣.
We shall use the notation v(x) = x + x.
Theorem. Suppose that f ∈ CB[,∞) and  < p,q < .Then for all x ∈ [,∞) and n≥ ,
there exists a constant C such that





















Proof Let us deﬁne the auxiliary operators
S∗α,βn,p,q(f ;x) = Sα,βn,p,q(f ;x) – f
( [n]p,qx + α
[n]p,q + β
)
+ f (x). (.)






Suppose that g ∈W . By the Taylor expansion we can write
g(t) = g(x) + g ′(x)(t – x) +
∫ t
x
(t – u)g ′′(u)du, t ∈ [,∞).
Operating by S∗α,βn,p,q(.;x) on both sides of the above and using (.), we obtain:
S∗α,βn,p,q(g;x) = g(x) + S∗α,βn,p,q
(∫ t
x
(t – u)g ′′(u)du;x
)
,
S∗α,βn,p,q(g;x) – g(x) = S∗α,βn,p,q
(∫ t
x










(t – u)g ′′(u)du;x
)∣∣∣∣.




























































Using the linearity of the integral operator and the operator Sα,βn,p,q(·;x) in the second and




















In the ﬁrst part, solving the integral
∫ t
x |t – u|du and using the linearity of the operators




















≤ ([n]p,qx + α)
 – x([n]p,qx + α)([n]p,q + β) + x([n]p,q + β)
([n]p,q + β)
= (α – βx)







+ [n]p,q[n]p,q + β
x + αβ([n]p,q + β)
x.














+ [n]p,q[n]p,q + β














+ [n]p,q([n]p,q + β)





– ([n]p,q – β)([n]p,q + β)
)










+ [n]p,q([n]p,q + β)
x + αβ([n]p,q + β)
x
≤ (p – q)[n]

p,q
pq([n]p,q + β)([n]p,q – )
x +
[n]p,q + pq( – [n]p,q)αβ




≤ (p – q)[n]

p,qx + [n]p,qx + pq([n]p,q – )α
pq([n]p,q + β)([n]p,q – )
=
(pn – qn)[n]p,qx + [n]p,qx + pq([n]p,q – )α
pq([n]p,q + β)([n]p,q – )
≤ [n]

p,qx + [n]p,qx + pq[n]p,qα
pq([n]p,q + β)([n]p,q – )
≤ [n]p,q( + x)x + pqα

pq([n]p,q + β)([n]p,q – )
























On the other hand, by (.) we have
∣∣S∗α,βn,p,q(f ;x)
∣∣ ≤ ∣∣Sα,βn,p,q(f ;x)
∣∣ + ‖f ‖ ≤ ‖f ‖. (.)
By (.), (.), and (.), we obtain:
∣∣Sα,βn,p,q(f ;x) – f (x)





















(α – βx) + [n]p,q([n]p,q + β)x + αβx
[n]p,q + β
)
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Taking the inﬁmum over all g ∈W  on the right-hand side of (.), we obtain










f , (γn)x[n]p,q + β
)
.
Using relation (.), for p,q ∈ (, ), we get








f , γn(x)[n]p,q + β
)
,
and this completes the proof. 
3 Rate of approximation
Let Bx [,∞) denote the set of all functions f such that f (x) ≤ Mf ( + x), where Mf is a
constant depending on f . By Cx [,∞) we denote the subspace of all continuous functions
in the space Bx [,∞). Also, we denote by C∗x [,∞), the subspace of all functions f ∈
Cx [,∞) for which limx→∞ f (x)+x is ﬁnite with
‖f ‖ = sup
x∈[,∞)
|f (x)|
 + x .
For a > , the modulus of continuity of f over [,a] is deﬁned by




∣∣f (t) – f (x)
∣∣.
We have the following proposition.
Proposition .
(i) For f ∈ Cx [,∞), the modulus of continuity ωa(f , δ), a > , approaches to zero.
(ii) For every δ > , we have
∣∣f (y) – f (x)
∣∣ ≤
(





∣∣f (y) – f (x)
∣∣ ≤
(





In the following theorem,we estimate the rate of convergence of the operators Sα,βn,p,q(f ;x).
Theorem. Let f ∈ Cx [,∞),p,q ∈ (, ), and let ωa+(f , δ) be themodulus of continuity
on the interval [,  + a]⊆ [,∞),a >  . Then, for n≥ , we have
∥∥Sα,βn,p,q(f ) – f
∥∥
C[,a] ≤
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Proof Let x ∈ [,a] and t > a + . Since  + x < t, we have
∣∣f (t) – f (x)
∣∣ ≤Mf
(
x + t + 
) ≤Mf
(










(t – x). (.)
For δ > , x ∈ [,a], t – ≤ a, by Proposition . we obtain
∣∣f (t) – f (x)
∣∣ ≤ ω+a
(







By (.) and (.), for x ∈ [,a] and nonnegative t, we can write













∣∣Sα,βn,p,q(f ;x) – f (x)
∣∣
≤ Sα,βn,p,q























Hence, using the Lemma .(ii) and the Schwarz inequality, for every p,q ∈ (, ) and x ∈
[,a], we obtain
















≤ Mf ( + a












By choosing δ = (+β)a+a+αpq([n]p,q–) we get the required result. 
4 Weighted approximation
This section is devoted to the study of weighted approximation theorems for the operators
(.).
Theorem . Suppose that p = pn and q = qn are two sequences satisfying  < pn,qn < 
and suppose that pn →  and qn →  as n→ ∞. Then, for each f ∈ C∗x [,∞), we have
lim
n→∞
∥∥Sα,βn,pn ,qn (f ) – f
∥∥
x = .
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x =  for i = , , . (.)























[n]pn ,qn + pnqn[n]pn ,qn ([n]pn ,qn – )α




 + x +
α
([n]pn ,qn + β)
≤ (p
n
n – qnn)[n]pn ,qn – pnqn(β – )[n]pn ,qn – qnβ(β – )[n]pn ,qn + qnβ
pnqn([n]pn ,qn – )([n]pn ,qn + β)
+
( [n]pn ,qn + pnqn[n]pn ,qn ([n]pn ,qn – )α
















This completes the proof of the theorem. 
Theorem . Let p = (pn) and q = (qn) be two sequences such that  < pn,qn < , and let
pn →  and qn →  as n→ ∞. Then, for each f ∈ Cx [,∞) and all α > , we have
lim
n→∞ supx∈[,∞)
|Sα,βn,pn ,qn (f ;x) – f (x)|
( + x)+α
= .
Proof For x >  ﬁxed, we have:
sup
x∈[,∞)








|Sα,βn,pn ,qn (f ;x) – f (x)|
( + x)+α
≤ ∥∥Sα,βn,pn ,qn (f ) – f
∥∥
C[,a] + ‖f ‖x supx≥x







The ﬁrst term of this inequality goes to zero by Theorem .. Also, for any ﬁxed x > , it
is readily seen from Lemma . that
sup
x≥x
|Sα,βn,pn ,qn ( + t;x)|
( + x)+α
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approaches zero as n → ∞. If we choose x >  large enough so that the last part of the
last inequality is arbitrarily small, then our theorem is proved. 
5 Voronovskaya-type theorem
This section presents the Voronovskaya-type theorem for the operators Sα,βn,p,q(f ;x). We
need the following lemma.
Lemma . Suppose that pn,qn ∈ (, ) are such that pnn → a,qnn → b (≤ a,b < ) as n→
















= ( – a)( – b)x + x.
Theorem . Assume that pn,qn ∈ (, ) are such that pnn → a,qnn → b ( ≤ a,b < ) as




Sα,βn,pn ,qn (f ;x) – f (x)
)




uniformly on [,A] for any A > .
Proof Let f , f ′, f ′′ ∈ C∗x [,∞) and x ∈ [,∞). By the Taylor formula we can write
f (t) = f (x) + (t – x)f ′(x) +  (t – x)
f ′′(x) + r(t;x)(t – x), (.)
where r(t;x) is the remainder term, r(·;x) ∈ C∗x [,∞), and limt→x r(t;x) = . Operating by
Sα,βn,pn ,qn on both sides of (.), we get
[n]pn ,qn
(
Sα,βn,pn ,qn (f ;x) – f (x)
)











+ [n]pn ,qnSα,βn,pn ,qn
(
r(·;x)(· – x);x).
It follows from the Cauchy-Schwarz inequality that
Sα,βn,pn ,qn
(






(· – x);x). (.)






r(·;x);x) = r(x;x) =  (.)
uniformly over [,A].






r(·;x)(· – x);x) = .






























In this section, we study pointwise estimates of rate of convergence of the operators
Sα,βn,p,q(f ;x).
Let  < ν ≤ and E ⊂ [,∞). We say that a function f ∈ C[,∞) belongs to Lip(ν) if
∣∣f (t) – f (x)
∣∣ ≤Mf |t – x|ν , t ∈ [,∞),x ∈ E, (.)
whereMf is a constant depending on α and f only.
We have the following theorem.
Theorem . Let ν ∈ (, ], f ∈ Lip(ν), and E ⊂ [,∞). Then, for x ∈ [,∞),





– ([n]p,q – β)([n]p,q + β)
)












where d(x,E) denotes the distance of the point x from the set E, deﬁned by
d(x,E) = inf
{|x – y| : y ∈ E}.
Proof Taking y ∈ E¯, we can write
∣∣f (t) – f (x)
∣∣ ≤ ∣∣f (t) – f (y)∣∣ + ∣∣f (y) – f (x)∣∣, x ∈ [,∞).
By (.) we have
∣∣Sα,βn,p,q(f ;x) – f (x)
∣∣ =





















∣∣f (x) – f (y)
∣∣
≤Mf Sα,βn,p,q
(|t – y|ν ;x) + |x – y|ν
≤Mf Sα,βn,p,q
(|t – x|ν + |x – y|ν ;x) + |x – y|ν
≤Mf Sα,βn,p,q
(|t – x|ν ;x) + |x – y|ν .
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Using the Hölder inequality with p = 
ν
,q = –ν , we obtain





















– ([n]p,q – β)([n]p,q + β)
)












and the theorem is proved. 
We now present a theorem regarding a local direct estimate for the operators Sα,βn,p,q(f ;x)
in terms of the Lipschitz-type maximal function of order ν as introduced by Lenze [].
It is deﬁned by
ω˜ν(f ;x) = sup
y=x,y∈[,∞)
|f (y) – f (x)|
|y – x|ν , x ∈ [,∞),ν ∈ (, ]. (.)
Theorem . Let ν ∈ (, ] and f ∈ C[,∞). Then, for each x ∈ [,∞), we have





– ([n]p,q – β)([n]p,q + β)
)







Proof By (.) we can write
∣∣f (t) – f (x)
∣∣ ≤ ω˜ν(f ;x)|t – x|ν
and
∣∣Sα,βn,p,q(f ;x) – f (x)
∣∣ ≤ Sα,βn,p,q
(∣∣f (t) – f (x)
∣∣;x
) ≤ ω˜ν(f ;x)Sα,βn,p,q
(|t – x|ν ;x).
Using the Lemma . and applying the Hölder inequality with p = 
ν
, q = –ν , we obtain
∣∣Sα,βn,p,q(f ;x) – f (x)
∣∣ ≤ ω˜ν(f ;x)Sα,βn,p,q
(|t – x|ν ;x),
which proves the theorem. 
Remark The further properties of the operators such as convergence properties via
summability methods (see, e.g., [–]) can be studied.
7 Conclusions
In this paper, we have introduced a two-parametric (p,q)-analogue of the Stancu-Beta op-
erators and studied some approximating properties of these operators. We also obtained
the Voronovskaya-type estimate and the weighted approximation results for these opera-
tors. Furthermore, we obtained a pointwise estimate for these operators.
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